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Abstract
It is proved that the energy-constrained Bures distance between arbitrary
infinite-dimensional quantum channels is equal to the operator E -norm distance
from any given Stinespring isometry of one channel to the set of all Stinespring
isometries of another channel with the same environment.
The same result is shown to be valid for arbitrary quantum operations.
1 Introduction
The Stinespring theorem gives a characterization of quantum channels and operations
– completely positive trace-preserving and trace-nonincreasing linear maps between
Banach spaces of trace-class operators [17]. It implies that any quantum channel
(operation) Φ from a quantum system A to a quantum system B can be represented
as
Φ(ρ) = TrEVΦρV
∗
Φ , (1)
where VΦ is an isometry (contraction) from the input Hilbert space HA into the tensor
product of the output Hilbert space HB and some Hilbert space HE called environment
[5, 19]. The operator VΦ is often called Stinespring operator for Φ.
In [7, 8] Kretschmann, Schlingemann and Werner obtained (by using some notions
and arguments from [3]) continuity bounds for the map VΦ 7→ Φ and the multivalued
map Φ 7→ VΦ w.r.t. the diamond-norm metric on the set of quantum operations and
the operator-norm metric on the set of Stinespring operators.
In the case of finite-dimensional quantum channels these continuity bounds are
obtained in [7] by proving that for any common Stinespring representation
Φ(ρ) = TrEVΦρV
∗
Φ , Ψ(ρ) = TrEVΨρV
∗
Ψ (2)
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of any quantum channels Φ and Ψ the following relation holds
β(Φ,Ψ) = inf
U∈U(HE)
‖VΦ − [IB ⊗ U ]VΨ‖, (3)
where U(HE) is the unitary group in the space HE and β(Φ,Ψ) is the Bures distance
between the channels Φ and Ψ defined as the maximal Bures distance between the
states Φ ⊗ IdR(ρ) and Ψ ⊗ IdR(ρ), HR ∼= HA, ρ ∈ S(HAR).1 2 Since any Stinespring
isometry of Ψ with the same environment space HE has the form [IB ⊗U ]VΨ for some
U ∈ U(HE) [5, Ch.6], relation (3) means that the Bures distance between any quantum
channels Φ and Ψ is equal to the operator norm distance from any given Stinespring
isometry VΦ of Φ to the set of all Stinespring isometries of Ψ with the same environment.
This result is analogous to the famous Uhlmann theorem [18], which can be for-
mulated in terms of the Bures distance between quantum states ρ and σ in S(HA) as
follows
β(ρ, σ) = inf
U∈U(HE)
‖ϕ− [IA ⊗ U ]ψ‖,
where ϕ and ψ are given purifications in HAE of the states ρ and σ and ‖ · ‖ denotes
the Hilbert space norm.
In the case of infinite-dimensional quantum channels and operations it is shown in
[8] that
β(Φ,Ψ) = inf ‖VΦ − VΨ‖, (5)
where the infimum is over all common Stinespring representations (2). It is also shown
that this infimum is attainable and that optimal Stinespring operators V˜Φ and V˜Ψ can
be constructed as the operators fromHA intoHB⊗(HE⊕HE) = [HB⊗HE ]⊕[HB⊗HE ]
defined by settings
V˜Φ|ϕ〉 = VΦ|ϕ〉 ⊕ |0〉, V˜Ψ|ϕ〉 = [IB ⊗ C]VΨ|ϕ〉 ⊕
[
IB ⊗
√
IE − C∗C
]
VΨ|ϕ〉
for any ϕ ∈ HA, where C is a particular contraction in B(HE). So, to obtain a relation
similar to (3) it suffices to show that this optimal contraction C can be chosen in such
a way that
[
IB ⊗
√
IE − C∗C
]
VΨ = 0. But it is not clear how to do this because of dif-
ferent subtleties appearing in the infinite-dimensional case (noncompactness of the set
of quantum states, nonexistence of a saddle point of a minimax problem, nonexistence
of a polar decomposition with a unitary operator for some trace class operators, etc.)
1Relation (3) is obtained in the proof of Theorem 1 in [7], it can be also obtained by using the
arguments from the proof of Theorem 1 in [3].
2The Bures distance and the diamond norm distance between any quantum operations Φ and Ψ
are related by the inequalities
‖Φ−Ψ‖⋄√
‖Φ‖⋄ +
√
‖Ψ‖⋄
≤ β(Φ,Ψ) ≤
√
‖Φ−Ψ‖⋄ (4)
showing their equivalence on the set of all quantum operations [8, 15].
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Dealing with infinite-dimensional quantum channels and operation we have to re-
place the diamond norm distance between them by weaker measure of distinguishability
which properly describes physical perturbations of such channels and operations [20].
One of such measures is the energy-constained Bures distance βE(Φ,Ψ) defined as the
maximal Bures distance between the operators Φ ⊗ IdR(ρ) and Ψ ⊗ IdR(ρ), where ρ
runs over the set of states in S(HAR) with mean energy of ρA not exceeding some
bound E. The energy-constained Bures distance is related to the energy-constrained
diamond norm (introduced in [12, 20]) by the inequalities similar to (4), which show
their equivalence on the set of infinite-dimensional quantum channels and operations.3
If the Hamiltonian HA of input system has unbounded discrete spectrum of finite mul-
tiplicity then the energy-constained Bures distance generates the strong convergence
on the set quantum channels and operations [15].4 In fact, the role of HA can be played
by any positive operator with this form of spectrum.
The Kretschmann-Schlingemann-Werner theorem mentioned before (in what fol-
lows it will be called the KSW-theorem) is adapted in [13, 14] for the strong conver-
gence topology on the set of quantum operations and the strong operator topology on
the set of Stinespring operators. By modifying the arguments from [8] it is shown that
βE(Φ,Ψ) = inf ‖VΦ − VΨ‖E, (6)
where the infimum is over all common Stinespring representations (2) and ‖ · ‖E is a
special norm on the spaceB(HA,HBE) of all linear bounded operators fromHA toHBE
generating the strong convergence topology on norm bounded subsets of B(HA,HBE).
The value of ‖X‖E is defined as the maximal value of ‖Xϕ‖, where ϕ runs over the
set of all unit vectors in HA such that 〈ϕ|HA|ϕ〉 ≤ E (see details in Section 2).
The above assertion can be called the KSW theorem for energy-constrained quan-
tum channels and operations. The aim of this paper is to obtain the optimal form
of this theorem by proving a generalized version of relation (3) in this more general
settings, namely, to show that for a given common Stinespring representation (2) of
any quantum operations Φ and Ψ the following relation holds
βE(Φ,Ψ) = inf
U∈WΨ
‖VΦ − [IA ⊗ U ]VΨ‖E,
where WΨ is the set of all partial isometries in B(HE) such that [IB ⊗ U∗U ]VΨ = VΨ.
This result is similar to the infinite-dimensional version of Uhlmann’s theorem,
which can be formulated in terms of the Bures distance between positive operators ρ
and σ in T+(HA) as follows
β(ρ, σ) = inf
U∈Wψ
‖ϕ− [IA ⊗ U ]ψ‖,
3Slightly different energy-constrained diamond norm introduced in [10] is also equivalent to the
energy-constained Bures distance.
4The strong convergence of a sequence {Φn} of quantum operations to a quantum operation Φ0
means that limn→∞ Φn(ρ) = Φ0(ρ) for all ρ ∈ S(HA) [11].
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where ϕ and ψ are given purifications in HAE of the operators ρ and σ and Wψ is the
set of all partial isometries in B(HE) such that [IB ⊗ U∗U ]|ψ〉 = |ψ〉.5
The first step in this direction was made in [14, Theorem 2], where it is shown that
inf
U∈WΨ
‖VΦ − [IA ⊗ U ]VΨ‖E ≤ 2βE(Φ,Ψ)
provided that the operator HA (used in definitions of βE and ‖ · ‖E) has unbounded
discrete spectrum of finite multiplicity. This observation is used essentially in the proof
of the main result of this paper along with two-level approximation technique which
allows to overcome the technical problems mentioned before.
2 Preliminaries
Let H be a separable Hilbert space, B(H) the algebra of all bounded operators on H
with the operator norm ‖ · ‖ and T(H) the Banach space of all trace-class operators on
H with the trace norm ‖·‖1. Let S(H) be the set of quantum states (positive operators
in T(H) with unit trace) [5, 19].
Denote by IH the unit operator on a Hilbert space H and by IdH the identity
transformation of the Banach space T(H).
The fidelity of operators ρ and σ in T+(H) is defined as (see [4, Appendix B],[19])
F (ρ, σ) = ‖√ρ√σ‖21 =
[
Tr
√√
σρ
√
σ
]2
. (7)
The Uhlmann theorem [18] states that
F (ρ, σ) = sup
ϕ,ψ
|〈ϕ|ψ〉|2, (8)
where the supremum is over all purifications of the operators ρ and σ.
We will use the following observation.
Lemma 1. Let ϕ and ψ be vectors in HAB, ρ = TrB|ϕ〉〈ϕ| and σ = TrB|ψ〉〈ψ|.
Then
F (ρ, σ) = max
U∈B1(HB)
|〈ψ|IA ⊗ U |ϕ〉|2. (9)
where B1(HB) is the unit ball in B(HB). If the state σ is nondegenerate then any
operator U0 at which this maximum is attained has the property
IA ⊗ U∗0U0|ϕ〉 = |ϕ〉 (10)
that means that the restriction of U0 to the support of TrA|ϕ〉〈ϕ| is an isometry.
5We can not take the infimum here over all unitary operators inB(HE), since in infinite-dimensions
there exist partial isometries that can not be extended to unitary operators.
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Proof. The attainability of the maximum in (9) follows from the compactness of
the unit ball B1(HB) in the weak operator topology [2].
It follows from (8) that the r.h.s. of (9) is not less than F (ρ, σ).
Let |φ〉 = IA⊗U |ϕ〉. Then ̺ = TrB|φ〉〈φ| = TrB[IA ⊗U∗U ]|ϕ〉〈ϕ| ≤ ρ. So, the last
formula in (7) and expression (8) imply that
|〈ψ|IA ⊗ U |ϕ〉|2 = |〈ψ|φ〉|2 ≤ F (̺, σ) ≤ F (ρ, σ).
This proves ” ≥ ” in (9) and shows that F (ρ, σ) = F (̺, σ) provided that U = U0.
If condition (10) is not valid then ̺ 6= ρ. Since ̺ ≤ ρ, the assumed nondegeneracy
of σ implies, by the last formula in (7), that F (ρ, σ) > F (̺, σ) contradicting to the
previous observation. 
The Bures distance between operators ρ and σ in T+(H) is defined as
β(ρ, σ) =
√
‖ρ‖1 + ‖σ‖1 − 2
√
F (ρ, σ). (11)
The following relations between the Bures distance and the trace-norm distance hold
(see [5, 19][4, Appendix B])
‖ρ− σ‖1√‖ρ‖1 +√‖σ‖1 ≤ β(ρ, σ) ≤
√
‖ρ− σ‖1. (12)
A quantum operation Φ from a system A to a system B is a completely positive
trace non-increasing linear map from T(HA) into T(HB). For any quantum operation
Φ the Stinespring theorem implies existence of a Hilbert space HE called environment
and a contraction VΦ : HA → HBE .= HB ⊗HE such that
Φ(ρ) = TrEVΦρV
∗
Φ , ρ ∈ T(HA). (13)
A trace preserving quantum operation is called quantum channel [5, 19].
The Bures distance
β(Φ,Ψ) = sup
ρ∈S(HAR)
β(Φ⊗ IdR(ρ),Ψ⊗ IdR(ρ)) (14)
between quantum operations Φ and Ψ from A to B, where β(·, ·) in the r.h.s. is the
Bures distance between operators in T+(HBR) defined in (11) and R is a quantum
system such that HR ∼= HA, is a metric on the set of all quantum operations [3, 8].
This metric can be expressed (by the formula similar to (11)) via the operational fidelity
F (Φ,Ψ) = inf
ρ∈S(HAR)
F (Φ⊗ IdR(ρ),Ψ⊗ IdR(ρ)) (15)
where F (·, ·) in the r.h.s. is the fidelity of operators in T+(HBR) defined in (7) and R
is a system such that HR ∼= HA, introduced in [3].
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The Bures metric is equivalent to the diamond-norm metric (these metrics are
related by inequalities (4)), but it is more convenient in some cases. It allows, in
particular, to obtain tight and close-to-tight continuity bounds for basic capacities of
quantum channels depending on their input dimension [15].
Let HA be any positive (semidefinite) densely defined unbounded operator on HA
having discrete spectrum of finite multiplicity and E0 its minimal eigenvalue. We will
treat HA as a Hamiltonian (energy observable) of quantum system A, so that TrHAρ
is the mean energy of a state ρ in S(HA).6
For given E > E0 consider the norm on the space B(HA,HB) of all bounded linear
operators from HA to HB defined as
‖X‖E .= sup
ϕ∈H1
A
,〈ϕ|HA|ϕ〉≤E
‖Xϕ‖, (16)
where H1A is the unit sphere in HA. This norm can be also defined as
‖X‖E .= sup
ρ∈S(HA),TrHAρ≤E
√
TrXρX∗. (17)
The coincidence of (16) and (17) is established by showing that the supremum in (17)
is always attained at a pure state [14, Proposition 3].
Definition (16) shows the sense of the norm ‖ · ‖E (as a constrained version of the
operator norm ‖ · ‖) while definition (17) is more convenient for studying its analytical
properties. In particular, definition (17) allows to show that (see [13],[14, Remark 1])
• the function E 7→ ‖X‖2E is concave on (E0,+∞) for each X ∈ B(HA,HB);
• the norm ‖ · ‖E generates the strong operator topology on norm bounded subsets
of B(HA,HB).
The function E 7→ ‖X‖2E is nondecreasing and tends to ‖X‖2 as E → +∞. So, its
concavity implies that
‖X‖E1 ≤ ‖X‖E2 ≤
√
E2 −E0/E1 −E0 ‖X‖E1 for any E2 > E1 > E0 (18)
and any X ∈ B(HA,HB). These inequalities show the equivalence of all the norms
‖·‖E, E > E0, on B(HA,HB). Following [13, 14] we will call the norm ‖ · ‖E defined by
equivalent expressions (16) and (17) operator E-norm on B(HA,HB) induced by the
operator HA.
The energy-constrained Bures distance
βE(Φ,Ψ) = sup
ρ∈S(HAR),TrHAρA≤E
β(Φ⊗ IdR(ρ),Ψ⊗ IdR(ρ)), E > E0, (19)
6The value of TrHAρ (finite or infinite) is defined as supn TrPnHAρ, where Pn is the spectral
projector of HA corresponding to the interval [0, n].
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between quantum channels Φ and Ψ from A to B induced by the operatorHA (where R
is an infinite-dimensional quantum system) is introduced in [15] for quantitative conti-
nuity analysis of information characteristics of energy-constrained infinite-dimensional
quantum channels. Properties of the energy-constrained Bures distance are presented
in Proposition 1 in [15]. It is shown, in particular, that
• for given channels Φ and Ψ the function E 7→ β2E(Φ,Ψ) is concave on (E0,+∞);
• for any E > E0 the distance βE generates the strong convergence on the set of
all quantum channels from system A to any given system B.
The function E 7→ β2E(Φ,Ψ) is nondecreasing and tends to β2(Φ,Ψ) as E → +∞. So,
its concavity implies that
βE1(Φ,Ψ) ≤ βE2(Φ,Ψ) ≤
√
E2 − E0/E1 − E0 βE1(Φ,Ψ) for any E2 > E1 > E0.
and any quantum channels Φ and Ψ. These inequalities show the equivalence of all the
distances βE , E > E0, on the set of all quantum channels from A to B.
The calculations of βE(Φ,Ψ) for real quantum channels can be found in [9].
The energy-constrained Bures distance can be defined by formula (19) for arbitrary
quantum operations Φ and Ψ. By using the arguments from [15] it is easy to show that
the energy-constrained Bures distance possesses the above stated properties on the set
of all quantum operations.
Remark 1. The supremum in (19) can be taken only over pure states ρ ∈ S(HAR).
This follows from the freedom of choice of R, which implies possibility to purify any
mixed state in S(HAR) by extending system R. We have only to note that the Bures
distance between operators in T+(HXY ) defined in (11) does not increase under partial
trace: β(ρ, σ) ≥ β(ρX , σX) for any ρ and σ in T+(HXY ) [4, 5, 19].
We will use the following simple
Lemma 2. Let Φ be a quantum operation from A to B and HΦ the minimal
subspace of HB containing the supports of all the operators Φ(ρ), ρ ∈ S(HA). Then
HΦ coincides with the support of Φ(σ) for any nondegenerate state σ in S(HA).7
Proof. Let σ =
∑
i µi|i〉〈i| be the spectral representation of σ such that µi+1 ≤ µi
for all i. Suppose, suppΦ(σ) 6= HΦ. Then there is a state ρ in S(HA) such that
suppΦ(σ) is not contained in suppΦ(ρ). Consider the sequence of states
ρn = [Pnρ]
−1PnρPn, where Pn =
n∑
i=1
|i〉〈i|.
Since this sequence converges to the state ρ, there exists n0 such that suppΦ(σ) is not
contained in suppΦ(ρn0). On the other hand, ρn0 ≤ Pn0 ≤ µ−1n0 σ and hence Φ(ρn0) ≤
µ−1n0Φ(σ). This implies that suppΦ(ρn0) ⊆ suppΦ(σ) contradicting to the choice of n0.

7The support supp̺ of a positive trace class operator ̺ is the closed subspace spanned by its
eigenvectors corresponding to nonzero eigenvalues.
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3 The main result
Let Φ and Ψ be arbitrary quantum operations from A to B having common Stinespring
representation
Φ(ρ) = TrEVΦρV
∗
Φ , Ψ(ρ) = TrEVΨρV
∗
Ψ. (20)
Such common representation can be obtained from the individual Stinespring repre-
sentations for Φ and Ψ by using isometrical embedding of the environment space with
smaller dimension into the another environment space.
Our main result is following theorem containing a generalization of relation (3) to
the case of infinite-dimensional energy constrained quantum channels and operations.
Theorem 1. Let HA be an unbounded densely defined positive operator on a
Hilbert space HA having discrete spectrum {Ek}k≥0 of finite multiplicity, E > E0, βE
the energy-constrained Bures distance defined in (19) and ‖ · ‖E the operator E-norm
defined in (17).
Let Φ and Ψ be quantum operations having common Stinespring representation
(20) with infinite-dimensional environment space HE. Then
βE(Φ,Ψ) = inf
U∈WΨ
‖VΦ − [IB ⊗ U ]VΨ‖E, (21)
where WΨ is the set of all partial isometries in B(HE) such that [IB ⊗ U∗U ]VΨ = VΨ.
Proof. Let σ be a given nondegenerate state in S(HA) and {pn} a sequence in
(0, 1) tending to zero as n → ∞. For each n ∈ N consider the function on the space
B(HA,HBE) of all bounded linear operators from HA to HBE defined as
‖X‖nE = sup
ρ∈CHA,E
√
TrXΘn(ρ)X∗,
where Θn(ρ) = (1 − pn)ρ + pnσ and CHA,E is the set of states ρ in S(HA) such that
TrHAρ ≤ E . Then [‖X‖nE]2 = (1− pn)‖X‖2E + pnTrXσX∗ and hence∣∣[‖X‖nE ]2 − ‖X‖2E∣∣ ≤ pn‖X‖2, ∀X ∈ B(HA,HBE). (22)
For each n ∈ N consider the quantity
βnE(Φ,Ψ) = sup
ω∈SE
β(Φ⊗ IdR(ω),Ψ⊗ IdR(ω)), (23)
where R is an infinite-dimensional quantum system, β(·, ·) in the r.h.s. is the Bures
distance between operators in T+(HBR) defined in (11), and SE is the set of all pure
states in HAR such that ωA = Θn(ρ) for some state ρ in CHA,E. By using the well
known relation between different purifications of a given state it is easy to show that
the sumpemum in (23) can be taken over the set {ωΘn(ρ) | ρ ∈ CHA,E}, where ωΘn(ρ) is
a given arbitrarily chosen purification of Θn(ρ) in S(HAR).
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Since the Bures distance is a metric on T+(HBR), for arbitrary states ω and ω˜ in
S(HAR) we have
β(Φ⊗ IdR(ω˜),Ψ⊗ IdR(ω˜)) ≤ β(Φ⊗ IdR(ω),Φ⊗ IdR(ω˜))
+β(Φ⊗ IdR(ω),Ψ⊗ IdR(ω)) + β(Ψ⊗ IdR(ω),Ψ⊗ IdR(ω˜))
≤ β(Φ⊗ IdR(ω),Ψ⊗ IdR(ω)) + 2
√‖ω − ω˜‖1,
(24)
where the last inequality follows from the right inequality in (12) and monotonicity of
the trace norm under action of a quantum operation.
Since ‖ρ−Θn(ρ)‖1 ≤ 2pn for any state ρ in CHA,E , for any purification ωρ of a state
ρ there is a purification ωΘn(ρ) of the state Θn(ρ) such that ‖ωρ−ωΘn(ρ)‖1 ≤
√
2pn and
vice versa. Hence, by Remark 1, estimate (24) implies that
|βnE(Φ,Ψ)− βE(Φ,Ψ)| ≤ 2 4
√
2pn, ∀n. (25)
Assume first that
ker Φ⊗ IdR(ω) = {0} for any state ω ∈ S(HAR) such that kerωR = {0}. (26)
It is easy to see that
inf
U∈WΨ
‖VΦ − [IB ⊗ U ]VΨ‖nE = inf
U∈WΨ
sup
ρ∈CHA,E
√
fn(ρ, U), (27)
where fn(ρ, U) = TrΦ(Θn(ρ)) + TrΨ(Θn(ρ))− 2ℜTrV ∗Φ [IB ⊗ U ]VΨΘn(ρ).
We will show that for each n the infimum in the r.h.s. of (27) can be taken over
the unit ball B1(HE) of B(HE).
The unit ball B1(HE) is a convex subset of B(HE) compact in the weak operator
topology [2], while CHA,E is a convex subset of S(HA) compact in the trace norm
topology by the Lemma in [6]. So, since the functions U 7→ fn(ρ, U) and ρ 7→ fn(ρ, U)
are affine and continuous on B1(HE) and CHA,E correspondingly, Ky Fan’s minimax
theorem [16] implies that
min
U∈B1(HE)
max
ρ∈CHA,E
√
fn(ρ, U) = max
ρ∈CHA,E
min
U∈B1(HE)
√
fn(ρ, U). (28)
Let Ψ̂(̺) = TrBVΨ̺V
∗
Ψ be a quantum operation complementary to the operation Ψ
and PΨ the projector onto the minimal subspace of HE containing the supports of all
the states Ψ̂(̺), ̺ ∈ S(HA).
Let U0 be an operator in B1(HE) at which the minimum in the l.h.s. of (28) is
attained and ρ0 a state in CHA,E at which the maximum in the r.h.s. of (28) is attained.
We may assume that U0 = U0PΨ, since it is easy to see that fn(ρ, U) = fn(ρ, UPΨ) for
any U and ρ. Then (ρ0, U0) is a saddle point of the function fn [16], i.e.
fn(ρ, U0) ≤ fn(ρ0, U0) ≤ fn(ρ0, U) ∀ρ ∈ CHA,E, U ∈ B1(HE). (29)
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We will show that the last inequality in (29) implies that C0 ∈ WΨ.8 This will
imply coincidence of the r.h.s. of (27) and the l.h.s. of (28). For any ρ in CHA,E we
have
min
U∈B1(HE)
√
fn(ρ, U) =
√
TrΦ(Θn(ρ)) + TrΨ(Θn(ρ))− 2 max
U∈B1(HE)
TrV ∗Φ [IB ⊗ U ]VΨΘn(ρ)
Let R be an infinite-dimensional system and ρ a state in CHA,E. It is easy to see that
max
U∈B1(HE)
|TrV ∗Φ(IB ⊗ U)VΨΘn(ρ)| = max
U∈B1(HE)
|〈VΦ ⊗ IRϕρn|[IBR ⊗ U ]|VΨ ⊗ IRϕρn〉| ,
(30)
where ϕρn is any purification of the state Θn(ρ), i.e. a vector in HAR such that
TrR|ϕρn〉〈ϕρn| = Θn(ρ). Since kerΘn(ρ) = {0} we may take the vector ϕρn in such a
way that ker TrA|ϕρn〉〈ϕρn| = {0}. Hence ker Φ ⊗ IdR(|ϕρn〉〈ϕρn|) = {0} by assumption
(26). Thus, since the vectors VΦ⊗IR |ϕρn〉 and VΨ⊗IR |ϕρn〉 in HBER are purifications of
the operators Φ⊗ IdR(|ϕρn〉〈ϕρn|) and Ψ⊗ IdR(|ϕρn〉〈ϕρn|), Lemma 1 in Section 2 shows
that the r.h.s. of (30) is equal to
√
F (Φ⊗ IdR(|ϕρn〉〈ϕρn|),Ψ⊗ IdR(|ϕρn〉〈ϕρn|)) and that
the maximum in (30) can be attained only at an operator Uρ such that
[IBR ⊗ U∗ρUρ]VΨ ⊗ IR |ϕρn〉 = VΨ ⊗ IR |ϕρn〉.
This condition means that U∗ρUρΨ̂(Θn(ρ)) = Ψ̂(Θn(ρ)). Since ker Θn(ρ) = {0}, Lemma
2 implies that the operator U¯ρ = UρPΨ is a partial isometry such that U¯
∗
ρ U¯ρ = PΨ. By
this observation with ρ = ρ0 the right inequality in (29) implies that U0 = U0PΨ ∈WΨ.
Thus, we have proved that
inf
U∈WΨ
‖VΦ − [IB ⊗ U ]VΨ‖nE
= max
ρ∈CHA,E
β(F (Φ⊗ IdR(|ϕρn〉〈ϕρn|),Ψ⊗ IdR(|ϕρn〉〈ϕρn|)) = βnE(Φ,Ψ)
(31)
for each n, where ϕρn is a particular purification of Θn(ρ) and the last equality follows
from definition (23) and the remark after it.
It follows from relation (25) that βnE(Φ,Ψ) tends to βE(Φ,Ψ) as n → +∞. Since
‖VΦ − [IB ⊗ U ]VΨ‖ ≤ 2 for any U ∈ WΨ, relation (22) shows that
lim
n→+∞
inf
U∈WΨ
‖VΦ − [IB ⊗ U ]VΨ‖nE = inf
U∈WΨ
‖VΦ − [IB ⊗ U ]VΨ‖E
These limit relations and (31) implies (21) provided that the quantum operation Φ
satisfies condition (26).
Assume now that Φ is an arbitrary quantum operation. Consider the sequence of
quantum operations
Φn(ρ) = (1− pn)Φ(ρ) + pn[Trρ]σ,
8This is a crucial point of the proof. It is to pass this point that the quantities ‖X‖n
E
and βn
E
(Φ,Ψ)
are introduced and the condition (26) is accepted.
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from A to B, where σ is a given nondegenerate state in HB and {pn} a sequence of
numbers in (0, 1) tending to zero as n → ∞. It is easy to see that all the operations
Φn satisfy condition (26).
The sequence {Φn} strongly converges to the operation Φ and hence βE(Φn,Φ) tends
to zero as n→ +∞ [13, 15]. Since the space HE is infinite-dimensional, Theorem 2 in
[14] implies existence of a sequence of operators VΦn : HA →HBE such that
Φn(ρ) = TrEVΦnρV
∗
Φn and ‖VΦn − VΦ‖E ≤ 2βE(Φn,Φ) + 1/n ∀n.
By the above part of the proof we have
βE(Φn,Ψ) = inf
U∈WΨ
‖VΦn − [IB ⊗ U ]VΨ‖E . (32)
Since βE(Φn,Ψ) tends to βE(Φ,Ψ) as n→ +∞ and
|‖VΦn − [IB ⊗ U ]VΨ‖E − ‖VΦ − [IB ⊗ U ]VΨ‖E| ≤ ‖VΦn − VΦ‖E ≤ 2βE(Φn,Φ) + 1/n
for any U ∈WΨ, by passing to the limit n→ +∞ in (32) we obtain (21). 
Since any Stinespring operator of a quantum operation Ψ with the same environ-
ment space HE has the form [IB ⊗ U ]VΨ for some U ∈ WΨ [5, Ch.6], relation (21)
means that the energy-constrained Bures distance between quantum operations Φ and
Ψ is equal to the operator E -norm distance from any given Stinespring operator VΦ of
Φ to the set of all Stinespring operators of Ψ with the same environment.
I am grateful to A.S.Holevo for useful discussion and remarks. Special thanks
to the participants of the workshop ”Quantum information, statistics, probability”,
September, 2018, Steklov Mathematical Institite, Moscow, (especially, to A.Winter)
for discussions that motivated this research.
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